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Abstract 

Actions of Lie groups on presymplectic manifolds are analyzed, introducing the suitable 
comomentum and momentum maps. The subsequent theory of reduction of presymplectic dy- 
namical systems with symmetry is studied. In this way, we give a method of reduction which 
enables us to remove gauge symmetries as well as non-gauge "rigid" symmetries at once. This 
method is compared with other step-by-step reduction procedures. As particular examples in 
this framework, we discuss the reduction of time-dependent dynamical systems with symmetry, 
the reduction of a mechanical model of field theories with gauge and non-gauge symmetries, and 
the gauge reduction of the system made of a conformal particle. 
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1 Introduction 



The problem of reduction of dynamical systems with symmetry has deserved the interest of the- 
oretical physicists and mathematicians, with the purpose of reducing the number of evolution 
equations, by finding first integrals of motion. In particular, geometric treatment of this subject 
has been revealed as a powerful tool in the study of this question. The pioneering and fundamental 
work on this topic has been carried out by Marsden and Weinstein |Q (see also (sj] and []52|). 
They demonstrated that, for a free and proper symplectic action of a (connected) Lie group on a 
(connected) symplectic manifold (which is the phase space of an autonomous regular Hamiltonian 
system with symmetry), and a weakly regular value of the momentum map associated with this 
action, the reduced phase space has a structure of symplectic manifold and inherits a Hamiltonian 
dynamics from the initial system. 

Nevertheless, the problem of reduction can appear under many different aspects. Subsequently, 
other authors have investigated aspects of the theory of reduction for other particular cases. 

Thus, for instance, if zero is a singular value of the momentum map (in a symplectic manifold) 
then the Marsden- Weinstein technique gives a reduced phase space which is a stratified symplectic 
space [49|. Starting from this result, reduction of time-dependent regular Hamiltonian systems with 



momentum mappings with singular value at zero is achieved in |3^, where, using the extended 
phase space symplectic formalism, it is proved that the reduced phase space is also a stratified 
space but with a cosymplectic structure. Another approach to the problem of singular values can 
be found in (see also other references quoted therein), where reduction of symplectic manifolds 
at singular values of the momentum mapping is considered, showing that, under certain conditions, 
the reduced space inherits a non-degenerate Poisson structure. However, research in this area is 
not yet complete. 

In the realm of momentum maps with regular values, the Marsden- Weinstein symplectic re- 
duction scheme has been applied to many different situations. For example, reduction of time- 
dependent regular Hamiltonian systems is developed in the framework of cosymplectic manifolds in 
Q, obtaining a reduced phase space which inherits a structure of cosymplectic manifold. The study 
of autonomous singular Lagrangian systems can be found in ^ and, in particular, the conditions 
for the reduced phase space to inherit an almost-tangent structure are studied for certain kinds 
of degenerate Lagrangians. Some of the results here obtained are generalized to the case of non- 
autonomous singular Lagrangian systems and for a larger class of degenerate Lagrangians in p8|. 



Another approach to this question is made in [32|, where the authors analyze the conditions for the 



existence of a regular Lagrangian function in the reduced phase space obtained after reduction, in 
such a way that the reduced cosymplectic or contact structure (and hence the reduced Hamiltonian 
function) can be constructed from it. 

Furthermore, there are other situations in reduction theory. So, for instance, the theory of 



reduction of Poisson manifolds is treated in works such as ||3^ and ||3^. Reduction of cotangent 



bundles of Lie groups within semidirect products is considered in |40|, with several applications to 
outstanding problems in mathematical physics. Concerning the subject of Lagrangian reduction, 
there are some works, such as pl| , which consider the problem from the point of view of reducing 
variational principles (instead of reducing the almost tangent structure, as it is made in some of 
the above mentioned references). Finally, the study of reduction of non-holonomic systems can be 
found, for instance, in |^], and |36]. (Of course, this list of references is far to be complete). 



The aim of this work is to apply the Marsden- Weinstein method to reduce presymplectic man- 
ifolds with Lie groups of symmetries acting on them. The interest of this topic lies in the fact that 
the geometrical description of many dynamical systems is given by means of presymplectic mani- 
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folds. One of the more frequent cases is the Lagrangian formalism of singular mechanical systems, 
where the phase space is the manifold TQ {Q being the configuration manifold of the system), en- 
dowed with the presymplectic form Q.c , which is constructed from the singular Lagrangian function 
C. Other typical examples are certain descriptions of non-autonomous mechanical systems (both 
in the Lagrangian and Hamiltonian formalism), where the phase space is a contact (cosymplectic) 
manifold. Certainly, these kind of systems could be reduced by first constructing an ambient sym- 
plectic manifold where the system is coisotropically imbedded, and then applying the symplectic 
reduction procedure to it [^]. But we give a reduction procedure that allows us to implement the 
Marsden-Weinstein technique directly for the initial presymplectic system. 

In particular, we construct comomentum and momentum mappings for presymplectic actions of 
Lie groups, analyzing the obstruction to their existence and studying some characteristics features 
of the level sets of the momentum map. Then, we prove that, for weakly regular values of this 
momentum map, and under the usual suitable assumptions, the reduced phase space inherits a 
presymplectic structure. Next we apply these results in order to reduce presymplectic dynamical 
systems with symmetry, showing that, if we consider together gauge and non-gauge ("rigid") sym- 
metries, and we reduce the system by all of them, then this procedure leads to the same results 
as if we first remove the gauge redundancy and then reduce the remaining "rigid" symmetries. 
Finally, we analyze three examples, namely: non-autonomous dynamical systems with symmetry 
(comparing then the results so obtained with those of some of the above mentioned references), a 
mechanical model for field theories, and the con formal particle. 

The paper is organized in the following way: 



The first part is devoted to the study of presymplectic group actions. Thus, in sections 2.1 



and 2.2, we review some basic concepts on presymplectic manifolds and present the actions of Lie 



groups on them. In sections |2.3| and |2.4| we define the comomentum and momentum mappings for 
this kind of actions, studying the obstruction to their existence, the level sets of the momentum 
map and their reduction. 

The second part deals with symmetries of presymplectic dynamical systems. First, in section 



3.1 , we review the basic features of this kind of dynamical systems. Section 3^ is devoted to 
defining and analyzing the concept of symmetry for these systems and to establish the reduction 
procedure for compatible presymplectic systems. The reduction procedure for non-compatible 



presymplectic systems and its characteristic features is established in section 3.5. This part ends 



with a comparative study between this reduction method and other different ways for reducing 



presymplectic systems, which is performed in sections 3.2 and 3.4. 



In the third part some examples are analyzed. In sections 4.1 and 4.2 these techniques are 
applied in order to make the reduction of non-autonomous systems with symmetry and, as a 
particular example, the dynamics of autonomous regular dynamical systems is obtained in this 
context. A further example is the complete reduction of a particular case of a mechanical model 
of field theories coupled to external fields (due to Capri and Kobayashi), which is investigated in 



sections and |4.4 As the last example, the gauge reduction of the system of a conformal particle 



is discussed, in this framework, in section 4.5 



Finally, we discuss the results and compare them with those obtained in some of the works 
above mentioned. 

An appendix is devoted to a linear interpretation of the reduction theory. 

All the manifolds are real, connected, second countable and C°°. The maps are assumed to be 
C°° and the differential forms have constant rank. Sum over crossed repeated indices is understood. 
We will denote by X(M), f?^'(M) and C°°(M) the sets of vector fields, differentiable p-forms and 
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functions in the manifold M respectively. Finally i{X)a will denote the inner product or contraction 
of X € X(M) with a G i7P(M) and Jj{X)a the Lie derivative of the form a along the vector field 
X. Finally, along the work, quotient of manifolds by involutive distributions will be made; and 
then we assume that the corresponding quotient spaces are differentiable manifolds (conditions in 
order to assure this fact are stated in p). 

2 Presymplectic group actions 

2.1 Presymplectic manifolds: previous statements 

Let us first recall that a presymplectic manifold is a couple (M, 0,) where M is a m-dimensional 
differentiable manifold and Q G f2'^{M) is a closed degenerate differentiable form in M. Let 

ker n:={Z £ X{M) \ i{Z)n = 0} 

which is assumed to be a distribution on M (that is, it has constant rank). 

A vector field X € X{M) is said to be a Hamiltonian vector field (with respect to the presym- 
plectic structure $7) iff i{X)0, is an exact 1-form; that is, there exists fx & C°°(M) such that 

i{x)n = dfx (1) 

We will denote by Xh{M) the set of Hamiltonian vector fields in M. 

X E X(M) is said to be a locally Hamiltonian vector field (with respect to the presymplectic 
structure Q) iff i{X)^ is a closed 1-form. In this case, for every point x € M, there is an open 
neighbourhood U C M and / G C°°{U) such that 

i{x)n\u = df 

We will denote by Xih(M) the set of locally Hamiltonian vector fields in M, and it is obvious that 
A:'/i(M) C Xih(M). On the other hand, it is also immediate to observe that X £ Xih{M) if, and 
only if, Ij{X)VL = 0. Finally, for every X G Xih{M) and Z £ ker we have that [X, Z] G ker ^l. 

f G C°^(M) is said to be a presymplectic Hamiltonian fmiction iff there exist a vector field 
X G X(M) such that (|l]) holds. We will denote by Xj the Hamiltonian vector field associated with 
/ and by C^(M) the set of presymplectic Hamiltonian functions in M. If / is a presymplectic 
Hamiltonian function then \j{Z)f = 0, for every Z G ker 0, (and the same results holds for locally 
Hamiltonian functions in [/ C M). 

Since ker O C Xh{M), then, if X G Xh{M) and Z G ker fi, then fx = fx+z and, conversely, 
if X, y G Xh{M) and fx = /y, therefore a vector field Z G ker Q exists such that X = Y + Z . 
On the other hand, if / G C^(M) and A G R then Xf = Xf+x and, conversely, if /,5 G Cf{M) 
and Xf = Xg then there exists A G R such that f = g + X (remember that M is supposed to be 
connected). 

Let /i, /2 G C^(M) be presymplectic Hamiltonian functions and Xi,X2 G Xh{M) Hamiltonian 
vector fields for these functions. The Poisson bracket of these Hamiltonian functions (related to 
the presymplectic structure Q) is the function {/i, /2} given by 

{/l,/2} :=0(Xi,X2) =i(X2)i(Xi)0 = i(X2)d/i =-i(Xi)d/2 

It is trivial to prove that this definition does not depend on the Hamiltonian vector fields we have 
chosen. In addition, {/i, /2} G Cf{M) and i{[Xi,X2])n = d{/2, /i}, in fact, 

i{[x^,X2])n = L(Xi) i{X2)n - i{x^) L{X2)n = l(Xi) i{X2)n = L(Xi)d/2 = d{/2. A} 
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hence, Xh{M) is a Lie subalgebra of X{M). The same thing holds for Xih{M) and ker is an ideal 
of both algebras. So we have a map (/i,/2) i— > {/i,/2} defined in C^(M)/R which transforms it 
into a real Lie algebra. In order to prove the Jacobi identity, observe that, from the last equality, 
we obtain that n{[Xi, X2], X^) = -{/s, {/2, /i}}- 

Considering the map 17»:Af(M) ^ f2^{M) defined by n\X) := i{X)n, for every X G X{M), 
its restriction J7^:A'/j(M) dC^(M) goes down to the quotient A)j(M)/ker 17, which is a Lie 
algebra because ker 0, is an ideal of the Lie algebra Xfi(M), and hence the map 0,: Xfi(M) / ker O 
C/f (M)/R is bijective and, according to the previous remark, a Lie algebra (anti) isomorphism. 



2.2 Actions of Lie groups on presymplectic manifolds 



Let G be a Lie group (which we will assume to be connected), g its Lie algebra, (M, fi) a presym- 
plectic manifold and G x M — s- M a presymplectic action of G on M; that is, $*r2 = $7, for every 
g £ G. As a consequence, the fundamental vector field ^ € X{M), associated with every ^ G g by 
is a locally Hamiltonian vector field, ^ G Xih{M) (conversely, if for every ^ G g, we have that 
^ G Xih{M), then $ is a presymplectic action of G on M). In this case we have that, for every 
^ G g, L(0^ = oi'j what is equivalent, G Z-'^(M) (it is a closed 1-form). We denote by g 

the set of fundamental vector fields. 

Now, following the same terminology as for actions of Lie groups on symplectic manifolds [|[, 
|3|], Hi, PH, we state: 



Definition 1 <I> is said to he a strongly presymplectic or Hamiltonian action of G on M iff, 
g ^ Xh[M) or, what is equivalent, for every ^ G g, i[C}^ is an exact form. Otherwise, it is called 
a weakly presymplectic or locally Hamiltonian action of G on M. 



It is important to discuss when a presymplectic action is strongly presymplectic. The funda- 
mental obstruction appears because the map is not an isomorphism and, as a consequence, we 
have the following sequence of Lie algebras: 











ker n — > Xh{M) — > A'?,(M)/ker 

but Xh{M)/keT ^ ~ n^{Xh{M)), then denoting A'ft(M)/ker VL = B\{M), we have that Bl{M) C 
B^{M) (where B^{M) is the set of exact differential 1-forms in M) and it is a strict inclusion. In 
an analogous way we have the sequence 

— > ker O — > Xih{M) — > Af;,,(M)/ker Q — ^ 

but Xih{M)/ ker Q ~ n^{Xih{M)), then denoting Xih{M)/ ker n = Zl{M), we have that Zl{M) C 
Z^{M) (where Z^{M) are the closed differential 1-forms in M), and this is also a strict inclusion. 
There is no problem with these exact sequences and the morphisms relating them, but it is not 
possible to identify Xih{M)/Xh{M) with H^{M) (the first de Rham's cohomology group of M), 
like in the symplectic case. Nevertheless, we have 

Xih{M)/Xh{M) ~ [Xih{M)/ ker Q) / {Xh{M) / ker Q) ~ zI{M)/bI{M) 



and we can write 
— 



Xh{M) 



g 



Xih{M) 



/[g, 



Zl{M)/Bl{M) 







(2) 



P 



Xih{M)/ ker n 



A. ECHEVERRIA et at Reduction of presymplectic manifolds with symmetry. 



5 



where S is a Lie algebra homomorphism which makes the diagram commutative. Then, the action 
is strongly presymplectic (that is, the image of g by H is in Xh(M)) if and only if H = 0. Obviously, 
if ifi(M) = 0, then Z'^{M) = B^{M) and Xh{M) = Xih{M), therefore Zl{M) = Bl{M). 

In particular, if (M, 0) is an exact presymplectic manifold (that is, there exists € Q'^{M) 
such that d© = il) and $ is an exact action (that is, <I>*0 = 0, for every g € G) then $ is strongly 
presymplectic. 



2.3 Momentum mapping 

Let G be a Lie group, (M, Q) a presymplectic manifold and G x M ^ M a presymplectic action 
of G on M. 



Definition 2 1. A comomentum mapping associated with $ |5Yj/ is a Lie algebra map (if it 
exists) 

J* : g ^ Cf{M) 

such that i{C)^ = d/^; or, what is equivalent, such that the following diagram commutes 

g ^ Xih{M) 

— > R — > C^{M) ^-^'^ Xih{M)/keTn — > Zl{M)/Bl{M) — .0 

2. A momentum mapping associated with <I> is the dual map of a comomentum mapping; in 
other words, it is a map J: M — s- g* such that, for every ^ € g and x € M , 

iJixM) ■■= j*m^) = fdx) 



As in the symplectic case we have: 



Proposition 1 A comomentum map and the dual momentum map associated with the presymplec- 
tic action <I> on (M, 0,) exist if, and only if, the action is strongly presymplectic. 



( Proof ) In fact; by definition, if a comomentum mapping exists, then o d o J* = po'E (see 
(I)), but then Im(po H) C lmVt~^ = Xh{M)/\Bi Vt, and this implies that ImH C Xh{M) and the 
action is strongly presymplectic. 

Conversely, if the action is strongly presymplectic: ImH C Xfi{M), then we have that (p o 
H)(g) C A'/i(M)/ker and then, for all ^ € g, there exists a unique (except constants) G CJ^(M) 
such that i{C)^ = d/g, and this is a Lie algebra homomorphism. ■ 

Therefore, if a comomentum mapping exists, the commutative part of the diagram (^) reduces 

to 

g ^ Xh{M) 



P 



(M) "-^"^ Xh (M) / ker Q 
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As in the symplectic case, it is important to point out that, if a comomcntum map J'* exists 
for a presymplectic action, and g R is a Unear map (that is, ^ G g*), then J'* + ^ is another 
comomentum map for the same action Moreover, a comomentum map is not necessarily a Lie 
algebra homomorphism. Then: 

Definition 3 The action $ is said to be a Poissonian or strongly Hamiltonian action iff: 

1. There exists a comomentum mapping for this action (and then also a momentum one). 

2. It is a Lie algebra homomorphism. 

As a particular case, we have that, if (M, fl) is an exact presymplectic manifold with = d0, 
and the action $ of G on M is exact, then: 

1. A momentum mapping exists and it is given by i7(0 = = ~i{0^i ^'^^ every ^ G g. 

2. The action is Poissonian. 

In fact, the first item is immediate. For the second one we have 

= "^([a,6])e = -L(6)i(6)e = uii)^, = {/s^JsJ 

In other cases, local comomentum mappings can always be defined for every presymplectic action, 
although without necessarily being Lie algebra homomorphisms. 

In addition, wc have that if G is a connected Lie group and <I> is a strongly presymplectic action 
of G on the presymplectic manifold (M,^l). Then the following statements are equivalent: 

1. The momentum mapping associated with this action is j4d*-equivariant, that is, for every 
g G G, the following diagram commutes: 

M ^ g* 
J 

1 1 Ad; 

J 

M ^ g* 

2. The action is Poissonian. 

(The proof of this statement is the same as for the symplectic case and can be found in any of the 
above mentioned references). 

2.4 Level sets of the momentum mapping 

First remember that, if $ is a strongly presymplectic action of a Lie group G on (M, $7) and J is 
the momentum mapping associated to this action, then G g* is a weakly regular value of J' iff 

1. is a submanifold of M. 

2. T^(J-i(/x)) = ker T^J, for every x G J'^iix). 



(4) 
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If TxJ is surjective, ^ is said to be a regular value. Of course, every regular value is weakly regular. 

Taking into account that if a fundamental vector field belongs to ker Q its Hamiltonian function 
can be taken to be zero, we have that: 

Proposition 2 If fi is a weakly regular value of J then /i(^) = 0, for every ^ £ g such that 
|e gnker i7. 

From now on we will assume // G g* is, at least, a weakly regular value of J. So, we will denote 
by jfj.'- J^^in) ^ M the corresponding imbedding. Then, in order to make a description of 
we have that the constraints defining it are the component functions of = fi. In fact, observe 
that, if {^i} is a basis of g, {/gj} are the Hamiltonian functions associated to the fundamental 
vector fields {^i} by the comomentum map and {a*} is the dual basis in g*, then /i = ;Uja*, with 
Hi real numbers, and we have that 

J~\fx) := {xeM \J{x)=fx} = {xEM \{J{xm)=m 
= {x € M I (JixmCi) = /ij = {x e M I = fii} 

that is, j^/^j — /ij = 0, and then the constraints are Q := f^. — /ij. Notice that this is equivalent to 
saying that the expression of the momentum mapping is 

J{x) ^ f^^{x)a' (5) 

Bearing in mind a well known result in the theory of exterior differential systems (see, for 
instance, [^), we have that all the level sets of the momentum mapping can also be obtained as 
the integral submanifolds of a Pfaff system. In fact: 

Proposition 3 Let G be a Lie group and <I> a strongly presymplectic action of G on the presym- 
plectic manifold (M, $7). The connected components of the level sets of the momentum mapping 
J associated with this action are the connected maximal integral submanifolds of the Pfaff system 
i{i)n = 0, for I € g. 

As a consequence of this proposition, we obtain that: 

Corollary 1 // x G J^^{lj) then T^J^^^ifJ-) = g^- ^ consequence, since ker C g^, then 
ker r2 C X{J^^^{fi)) (where denotes the set of vector fields of X{M) which are tangent 

toj-\i:i)). 

If = d0 and the action is exact, then = — i(^)G and Pfaff system i{(,)0, = can be 
equivalently expressed as di(^)B = 0. 

From now on, we will assume the following: 

Assumption 1 The action ^ that we will consider will be Poissonian, free and proper and fi will 
be a weakly regular value of the momentum mapping associated to this action. 

Let G/j, be the isotropy group of for the coadjoint action of G on g*. Then we have: 
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Theorem 1 is the maximal subgroup of G which lets J ^{fi) invariant and so the quotient 
J^^{^)/G^ is well defined and it is called the reduced phase space or the orbit space of J~^{^). 

( Proof ) For every x E M such that J{x) = /i and g G G^, we have 

J{^g{x)) = {J o ^^)(x) = (Ad* o J){x) = Ad*(/.) = ^l 

then ^g{x) G J~^{jjL), so J^^^{fi) is invariant under the action of G^ and the quotient is well 
defined. 

The maximality of is a direct consequence of the equivariance of ■ 

If is the Lie algebra of G^ then, as a consequence of this theorem, are vector fields tangent 
to J^^dj,), and we have that g/^ = g H X{J~^{iJ,)). 

At this point, it is interesting to point out two different possibilities: 

• g n ker Q = {0} : In this case all the fundamental vector fields give constraints which are 
not constant functions. Then dim J'~^{fj,) < m = dimM. 

• g n ker ^} 7^ {0} : Now, only those fundamental vector fields such that ^ ker give 
constraints which are not constant functions. Then dim^~^(/x) < m. 

inherits a presymplectic structure 17^ := We are going to characterize ker Q^. First 
of all we have that g^ C X{J'~'^{^)) (and hence, for every ^ G g^, there exists G X{J'~^{fi)) such 

that jf_i*(,f_i = (,\j-''-{fi))- Consider now the orthogonal presymplectic complement of A'(j7~^(/i)) in 
X{M), that is, the set 

iX{J-\fi)))^ := {Z G X{M) I ii{X)i{Z)n){x) = , VX G X{J-\^i)) , Vx G J-\fJ.)} 

= {z ex{M)\j;iiz)n = o} 

Then, let 

ker % := {Y^ G X{J~\fi)) \ i{Y^)% = 0} 

and denoting by ker 0,^ the set of vector fields of A'(M) such that ker = j^* ker 0^, it is 

immediate to prove that 

ker % = X{J-\^i)) n {X{J-\p:)))^ 
Therefore, we have the following result: 

Proposition 4 ker Q.^^ = g^^ + ker Q^, for every x G J~^{n). 

( Proof ) For the proof see the appendix with the following identifications: E = T^M, 5 = g^;, 
N = S^=g^ = T^J-\^l), and 5 n TV = g, n T,. J-i(;u) = g;... ■ 

At this point, we can state the following result which generalizes the idea of the Marsden- 
Weinstein reduction theorem [^, ||5^ to presymplectic actions of Lie groups on presymplectic 
manifolds: 

Theorem 2 The orbit space J^^^{fJ,)/G^ is a differentiable manifold. Then, if a: J'^^{fj,) — > 
J'^^{fj,)/G^ denotes the canonical projection, there is a closed 2-form G fi'^{J^'^{^)/Gp) such 
that il^ = a*Vt (that is, Vt^ is a-projectable), and: 
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Cl is symplectic if, and only if, for every x ^ J ^{[i), g^^ = ker or, what is equivalent, 
ker O^nT^J-i(^) Cg^^. 

Otherwise i), is presymplectic. In particular, for every x € J^^^ip-), i/ ker Qx C TxJ^~^{fJ') 
and gx n ker Qx = {0}, then rank!) = rankO. 



( Proof ) For the proof of the first part of this statement {J' ^ (//) / is a differentiable manifold) 
see Q, in or I 
of proposition 



The existence of Q and the two items of the second part are a direct consequence 



3 Symmetries of presymplectic dynamical systems and reduction 

3.1 Review on presymplectic dynamical systems 

One of the most important features in the study of dynamical systems with symmetry is the so- 
called reduction theory. Next we want to apply the above results in order to state the main results 
on this topic concerning presymplectic dynamical systems, generalizing the ideas of the Marsden- 
Weinstein symplectic reduction procedure [42|, [^ ]. 

We start by giving the background ideas on presymplectic dynamical systems. For further 
information on this topic one may see, for instance, |2^, |14],0, |Q, [|l^, p5| (see also |19] as a 
pioneering work). 

A presymplectic locally Hamiltonian dynamical system is a triad {P,uj,a), where (-P, w) is a 
presymplectic manifold and a G Z^{P). If a is exact then a = dTi. for some Ti G C°°(P), and then 
the triad {P,uj,7i) is said to be a presymplectic Hamiltonian system (and this is the case we are 
going to consider, without loss of generality). 

Every presymplectic dynamical system has associated the following equation 

i{Xp)uj = dn ; Xpe X{P) 

which is compatible everywhere in P if, and only if, i{Z)d'H = 0, for every Z G ker lv. In this case 
Xp G Xh{P); and the presymplectic dynamical system is said to be compatible. If the equation 
is not compatible, in the most interesting cases, there is a (maximal) closed regular submanifold 
Jm- M ^ P, for which a vector field Xp tangent to M exists such that the following equation holds 

[z{Xp)u;-dn]\M = (6) 

(and this is an equation for Xp and M). M is called the Enal constraint submanifold and inherits a 
presymplectic structure Q = j*j^oj. This submanifold is obtained at the end of a recursive algorithm 
which gives a sequence of submanifolds 

P ^ ^ . . . ^ ^ ^ . . . ^ ^ = M 

The equation (^) can be pulled-back to M obtaining 

j*M[i{Xp)uj - dU] = i{X)n - dH = (7) 

with H = jljH, Xp G X{P) tangent to M, X G X{M) and jm.X = Xp\m- Notice that this is a 
compatible system because if Xp G X{P) tangent to M is a vector field solution of (^), this implies 
that the equation (0) holds for X. 
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For the final submanifold M the vector field Xp satisfying (^) is not unique, in general. Then 
the difference between two solutions is called a gauge vector field; and the points of M reached from 
another fixed one x G M by means of an integral curve of a gauge vector field (passing through x) 
are the so-called gauge equivalent points or states. Under certain regularity conditions, it is proved 
that the set of gauge vector fields is just ker O (the necessary and sufficient condition for this is 
the following [22|, [Q]: the constraint functions locally defining M in P can be classified into first 



and second class; then there is a basis of the set of first class constraints whose differentials do not 
vanish along M). 

In order to remove the redundancy of solutions, it is assumed that gauge equivalent states 
represent the same physical state. Geometrically this means that we must go from M to the 
quotient of M by the foliation generated by the involutive distribution ker r? . It is assumed that 
the quotient space M = M/ker O is a differentiable manifold, the projection ttm-M — > M is a 
submersion and M is endowed with a symplectic structure lo such that vr^^u) = Q. (M,a)) is called 
the manifold of real physical states, and the equations (^) and (^) project in a natural way to M: 

i{Xp)u) - dH = (8) 

where tt^^H = H and for every Xp G X{M) which is solution of (|6|), there is a VTM-projectable 
vector field X € X{M), with Jm^X = Xp\m, such that ttm^X = Xp is the unique solution of (|^). 
Note that the existence of H is assured because z(ker r2)H = 0, since the dynamical equation ^ 
on M is compatible. This is the so-called gauge reduction procedure. 

On the other hand, the following structure theorem for presymplectic dynamical systems plays 
a crucial role in some of the developments of this work: 



Theorem 3 Let (M, 0, H) be a compatible presymplectic dynamical system. Then: 



1. There exists a symplectic manifold (M, fl) such that Jq: M ^ M is a coisotropic imbedding, 
and Jo = ^2 . 

2. There exists a family T>ih(M., M) of symplectic locally Hamiltonian vector fields in M tangent 
to M , which gives all the dynamical solutions of the equation 

jl[i{Xp)n-m] = i{x)n-<m = Q ; XpeVih{M.,M) 

3. The symplectic manifold (M, fi) and the family T>ih(M.,M) are unique up to symplecto- 
morphic neighbourhood equivalences between symplectic manifolds containing (Af, Q) as a 
coisotropic submanifold; and all these symplectomorphisms reduce to the identity on M . (That 
is, if ji'.M ^ (Mj,rij), 1 = 1,2, are two coisotropic imbeddings, then there exist two tubular 
neighbourhoods Ui of ji{M) in Mj and a symplectomorphism -0: (Mi, fii) (M2,ri2) such 
that ilj o = j2 andij,{Vih{MuM) =VihiM2,M)). 



The pair (M, fl) is called an ambient symplectic manifold for (M, fi) and (M, fl, H) is called an 
ambient symplectic dynamical system for the presymplectic system (Af, i7,II). 



(Outline of the proof) The first part of this statement (together with the symplectomorphic 



equivalence of coisotropic imbeddings) is the well-known coisotropic imbedding theorem \24] 
The symplectic manifold (M, ft) is constructed as a tubular neighbourhood of the zero section of 
the dual characteristic bundle K* = (ker 17)*, which is identified with M. The strategy consists 
in considering the vector bundle ttk- K — > M; then, as X is a subbundle of TM, using a metric 
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in M, we can split TM = G e K, and then TmK* = TM ® K* = G ® K ® K* . Denoting 
a: TmK K(BK*, we set ft = tt^O, + a*QK] where is the symplectic form canonically defined 
in K (B K*. Then ft can be extended to a tubular neighbourhood of M in K* using Weinstein's 



extension theorem |52] 



In relation to the second part, the family P//i(M, M) is made of the vector fields Xf^ = Q, ^(dH+ 
where H G C°°(M) is an extension of H to M (that is, j^U = H) and /? G ^^(M) is a closed 

first class constraint one form, (that is, JqP = and Jq i{Z)[3 = 0, VZ G X{M)-^). (See |0 for the 

details of this part of the proof). 

Finally, the local uniqueness of the coisotropic imbedding is a straightforward consequence of 
the local uniqueness part of Weinstein's extension theorem. ■ 

From now on we will consider presymplectic dynamical systems {P,uj,TC) with final constraint 
submanifold (M, 17, H) which hold all these features. 



3.2 Reduction of compatible presymplectic dynamical systems with symmetry 

Consider now a compatible presymplectic dynamical system (M, r2,H); that is, such that the dy- 
namical equation 

i{X)n - dH = (9) 

has solution X G X(M) everywhere in M. We are then able to introduce the concept of group of 
symmetries for a compatible presymplectic dynamical system (and its reduction) as follows (the 
case of non-compatible systems will be studied afterwards): 

Definition 4 Let G be a Lie group, (M, 0, H) a compatible presymplectic dynamical system and 
^■.G X M ^ M an action of G on M. G is said to be a symmetry group of this system iff 

1. ^ is a presymplectic action on (M, O) 

2. <I>*H = H; for every g ^ G or, what is equivalent, L(C)H = 0; for every ^ G g. 

The diffeomorphism ^g, for every g ^ G, is called a symmetry of the system. The fundamental 
vector fields ^ G g are the so-called infinitesimal generators of symmetries. 

Obviously this definition is the same as the usual one for symmetries of symplectic dynamical 
systems. At this point, we first prove that gauge symmetries are symmetries of the presymplectic 
dynamical system. 

Proposition 5 Let (M, 0,, H) be a compatible presymplectic dynamical system. Then the vector 
fields of ker 0, are infinitesimal generators of symmetries of this system. 

( Proof) First, for every Z G ker Q, by definition i{Z)Q = and hence 'L{Z)i} = 0. On the other 
hand, since the equation (^) is compatible, it implies that 

i{Z)dR = L(Z)H = 
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According to the terminology of the above section, we say that the vector fields of ker Q are 
infinitesimal generators of symmetries of the system. Then, if we want to remove the symmetries, 
following a reduction procedure in order to get a symplectic dynamical system, we must suppose 
that the vector fields in ker are contained in the distribution generated by g. So, from now on 
we will assume that: 

Assumption 2 Let g be the vector space made of the fundamental vector fields of the action <I> of 
the symmetry group G on M . Then ker Q. C C°°(M) ® g. 

Comments: 

• This assumption means that, if {^i, . . . C g is a basis of g, and Z £ ker fi; then there 
exist {/*\ . . . , f'''} C C°°(M) such that Z = f'^i. 

• Observe that C°°(M) g is the submodule of X{M) made of the vector fields tangent to the 
orbits of the action of G (or, what is equivalent, if the distribution defined by g has constant 
dimension, they are the sections of this distribution). Therefore, the assumption means that 
the elements of ker are tangent to these orbits. Hence, the leaves of the foliation induced 
by ker Q are contained in those orbits. 

• Notice that the elements of ker il. are infinitesimal generators of symmetries but , in general, 
those of C°°(M) (g) g are not. 

In the usual physical terminology, the vector fields of ker are called infinitesimal generators 
of gauge symmetries. On the contrary, the vector fields of g which do not belong to ker 
are the so-called infinitesimal generators of non-gauge or rigid symmetries. 

Now, suppose that the action of the symmetry group G on the compatible presymplectic dy- 
namical system (M, H) is Poissonian. Let J be the momentum mapping associated with this 
action, and ;U G g* a weakly regular value of J'. Then the submanifold J~^{^j), the form 17^ = 
and the function = j*H make a presymplectic Hamiltonian system (^^^(/z), fi^, H^). Then we 
have: 

Proposition 6 If X £ Xh{M) is a vector field solution of the equation then: 

1. X is tangent to J^^^{fi). 

2. The dynamical equation 

i{X^)% - dH^ = (10) 

is compatible and its solutions are X^ + ker Q^, where X^ G X{J'^^{fi)) is a vector field such 
that j^*X^ = X\j-i(^^y 

( Proof ) First we prove that if X G X{M) is a solution of the equation (0), then X G X{J''^{^)) . 
In fact, for every constraint C, with dC = i{C)^i ^ defining J'~^{fJ.), 

j;x{c)=j;{i{x)dc)=j;{i{x)im) = -j;mz{x)n) = -jiamn) = 

Therefore 

z{x^)% - dH^ = j;{i{x)n - dH) = 

and the second result follows. ■ 
In addition we have that: 
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Lemma 1 ker Q C X{J' ^(/-i)). (That is, ker lets J ^{^) invariant). 

( Proof ) In fact, take the constraint functions {(} defining J~^{fJ,) such that = i{S,)^j for 
some 1^ G g. Then, if Z G ker Q, we have that 

Uz)c = i{z)dc = HZ) i{i)n = - i{i) i{z)n = o 

therefore Z G X{J-^{fi)) . ■ 
Lemma 2 g^^ = ker O^^; for every x G J^^{p). 

( Proof ) By proposition § we have that ker Q.^^ = g^^ + ker ^l^-, and the assumption || gives us 
that ker C g,x- On the other hand, g^^ is the maximal subspace of g,x being tangent to ^^^(/u); 
and ker Q.x is made of vectors which are tangent to (as a consequence of the above lemma). 

Therefore ker Q.x C g^^, and the result follows. ■ 

Now, the last step is to obtain the orbit space {J'~^{fj,)/G^,Cl). 

Theorem 4 Consider the presymplectic Hamiltonian system (^7~"'^(/i), H^), the quotient man- 
ifold J^^^fi) / hsi Q.^, and the canonical projection 7r^:^7^^(/i) J'~^ (fj,) / ker $7^. Then the func- 
tion and the vector field G X{J'^^{fi)) of the proposition |^ are -K^-projectahle. Hence 
(i7~^(^)/ker r2^,fi,H), is a symplectic Hamiltonian system and 



z(X)O-dH = (11) 



where 7r*H = and 7r^*X^ = X . 



( Proof) According to the last lemma, we have that g^^ = ker ^f_i^, for every x £ J ^(/i), and 
so J~^{ijl)/G^ = jr~^(/i)/ker O^. Then, taking into account the first item of theorem ^ we have 
that (J-^(//)/ker 0^,0) is a symplectic manifold. 

Now, in order to see that is 7r^-projectable it suffices to prove that L(^^)H^ = 0, for every 
?M ^ S- ^'^^^ holds since H is G- invariant and then is G^-invariant. 

On the other hand, for every G g^, we have that 

i{[i^,x^\)n^ = L(eM) i{x^)n^ - i{x^) L{if,)n^ = m^)diif, = 

since and are G^-invariant, and then [,^^, A"^] G ker fi^j. But, as all the elements of ker 
are of the form Z^ = f^^fj,i, then we also have that [Z^, A^] G ker 0^, for every Z^ G ker fi^; and 
therefore, A^ is vr^-projectable. 

Finally, the equation (11) follows immediately from (|To|). ■ 
We can summarize the procedure in the following diagram 

(M,i7,H) ^ {j-\fi),n^,R^) _J% ij-\fi)/ker n^,n,R) 

The final result is a reduced symplectic dynamical system (J'^^(/u)/ker i7^,r2,H). Observe that, 
making only one quotient, we have removed the symmetries of the action of G and the non- 
uniqueness arising from the existence of ker 0; then obtaining a symplectic dynamical system 
where G acts by the identity. 



From now on we will refer to this reduction scheme as the complete presymplectic reduction 
procedure. 
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3.3 Other reduction procedures: Gauge reduction plus symplectic reduction 



We finish this study by comparing the reduction method of presymplectic dynamical systems with 
symmetry here presented with the other step-by-step reduction procedures. In particular, the 
reduction procedure that has been developed in the last section, removes both rigid and gauge 
symmetries. Now, in this section, we make these procedures successively, proving that we obtain 
the same result as above. 

Consider a compatible presymplectic dynamical system (M, J7,H). Let G be a group of sym- 
metries of the presymplectic dynamical system, g its Lie algebra and g the corresponding algebra 
of fundamental vector fields. We suppose that the assumption ^ holds. 

First, we apply the gauge reduction procedure obtaining the reduced phase space (M,a),H) 
(which is a symplectic dynamical system), with 7rj\/:M — > M. So the gauge symmetries have 
been removed. Next we must study under what conditions the action of G goes down to M 
and, therefore, the corresponding non-gauge symmetry can be removed by means of the standard 
symplectic reduction procedure of Marsden-Weinstein. 



Proposition 7 If G x M ^ M is a (strongly) presymplectic action, then there exists a "reduced 
action" G x M ^ M such that ^g{TTM(,p)) ■= '^Ali^gip)),' for every g £ G and p G M. 



( Proof ) In order to see that this reduced action $ is well defined, we must prove that, given 
Pi,P2 £ M belonging to the same leaf of the foliation defined by ker then = ^g{p2), for 

every g £ G. If pi,p2 are in the same leaf of this foliation, then they are connected by a (piecewise) 
regular curve, which is made of (pieces of) integral curves of vector fields belonging to ker il. But, 
if 7(t) is an integral curve of some Z G ker Vt, then {^g o 7)(t) is an integral curve of ^g,Z, which 
is also a vector field in ker $7 since, as ^> is a presymplectic action, we have 

i{^g,z)n = i{<^g,z){^;^rn = {^;^ni{z)n) = o 

Therefore the action <I> can be defined as is set in the statement. ■ 



Now the problem is that, although the action <I> can be assumed to be free, the reduced action 
$ is not so in general; because the assumption |2| implies that the leaves of the foliation induced by 
ker Q are in the orbits of G and, then, the quotient by ker O leads to a non free action, in general. 
Hence we set the following hypothesis (which is implicitly assumed in the physical literature): 



Assumption 3 Let g be the vector space of the fundamental vector fields of the action ^ of the 
symmetry group G on M . Then there is a subalgebra G C g, such that the corresponding G C g 
verifies that ker C C°°(M) G. 



Now, suppose that Q C G (the subgroup having G as Lie algebra) is closed; and let G := G/Q 
be the quotient group, which acts on M by the reduced action Denote by g^^ the Lie algebra 
of (5, and by g^ the corresponding set of fundamental vector fields. Then we have the projections 

g — > m — ^ 



and the duals 



gM ' g (12) 

/X I— > yU 



We have: 
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Lemma 3 The set of fundamental vector fields g is TTM-projectable. 

( Proof ) In fact, for every ^ G g and for every Z £ ker 17, we have that 

z])n = Lii) iiz)n - iiz) L{i)n = o 

therefore [£,, Z] G ker and the resuh follows. ■ 
And therefore: 

Proposition 8 With the above assumptions, if the action ^ of G on M is strongly presymplectic 
and free, then the reduced action ^ of the quotient group G on M is strongly symplectic and free. 

( Proof) First we prove that $ is free. In fact; if ^ G G and p G M, then ^g{TTM{p)) = t^m{p)-, by 
definition. But, if i>p(7rj\,/(p)) = nM{p), for some g & G, then iTMi^gip) = T^Aiip), and hence g & Q. 
Therefore the isotropy group of a point of the action of G on M is ^, thus the action of G on M 
is free. 

Second we prove that "3> is strongly symplectic. In fact; for every ^ G g with i{(,)^ = d/g, we 
have that is vTAf-projectable. In fact 

L{z)f^ = i{z)df^ = i{z) i{i)n = - i(o i{z)n = o 

for every Z G ker fi. Then the function G C°°(M) such that ttJ//^ = is Hamiltonian for the 
fundamental vector field G gff such that vtm*^ = C'^, since 

TTljdf^ = dTTlJ^ = df^ = = iiOTTljO = 7r*M i{i'^')0 

and hence d/^ = i{^^^)Ld, since ttm is a submersion. ■ 

Now, we can define the reduced comomentum mapping associated with $ as a Lie algebra linear 
map 

J* ■■ Sm ^ C-(M) 

such that i{£^^)u) = df^. The reduced momentum mapping associated with ^> is its dual map, 
J:M^ g^^; that is, for every G gjg and x G M, 

(J(7rM(x)))(e*^) := J*{e'){T^M{x)) = f^iTTMix)) 
Finally, it can be proved that if <I> is a Poissonian and proper action, then so is 
At this point, the standard symplectic reduction program is applied: 

• First we construct the level sets (jf ^""^(/l), w^, H^), for weakly regular values jl G g^. Each 
one of them is locally defined in (M,(D) by the constraints {/^}. 

• Second we take the isotropy group Gp and its Lie algebra {Em)p^ for which we have that 
iSM)p. — ^p.- Then we make the quotient J'~^{p.)/Gp. 

After that, the reduced symplectic Hamiltonian system (jf ^^(/Z)/ker a;^,a),li) is free of gauge and 
rigid symmetries and the following theorem proves that it coincides with {J'~^{^)/ ker r2^,fi,II), 
which is the one obtained after the complete presymplectic reduction procedure (for fj, and fi related 
as shown in (|l2[)). 
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Theorem 5 There exists a dijfeomorphism 

p: (J"H/i)/ker 0^,0, H) {J-\fl)/ker iOfi,Cb,h) 
such that i). = p*uj and H = p*h. 

( Proof) First of all, we can construct a map r: {J'~^{fi),flf^,}i^) (jf ^^(/i), w^, H^) verifying the 
relation j^or = vr^/oj^ (see the diagram below). Observe that, if p e i7~^(//) then T^Mip) ^ jf^^ip), 
by the proposition ^ and the relation between |U and /2 (see ([l^)); hence r is well defined and it is 
a surjective submersion (since so is ttm)- Moreover, we have that 

^ V = Jm^a/^ = t J/ii^ = r ujp, 

and in the same way we obtain that = t*H^. 

Now there is an unique map p: {J'~^ (fi) / kev 0^,0, H) — > (jf~^(/i)/ker 10^,10,10) such that 
P ° T^fi = T ° T^p.- So we have the diagram 



complete 
presymplectic < 
reduction 



(M,0,H) 

[ {J-Hp)/keT%,n,R) _^ (J-i(/i)/ker a;^,c2>,h) ^ 



(M,a),H) 



standard 
> symplectic 
reduction 



The map p has the following properties: 



1. p is well defined: 

Let pi,P2 G J~^{p) such that 7r^(pi) = vr^(p2); we have to prove that TTpT^pi) = 7r^T(p2)- 
Since vr^(pi) = vr^(p2)) it implies that pi,P2 can be joined by a polygonal made of integral 
curves of vector fields of ker (but we will take a single curve, since it suffices to repeat 
the reasoning a finite number of times). For every point p of the curve, if Zp G TpJ~^p is 
tangent to this curve at p, as r is a surjective submersion and t*w^ = fi^, we have that 

i{Zp){9.^)p = i{Zp){T*ujfi)p = T*i{TpT{Zp)){ujfi)^^^^^ = 

As a consequence TpT\\^cr{n ) ■ ker {^^)p — > ker (a;^),-(p) is surjective and ker TpT C ker {0,^)p. 
Hence, the curve joining pi and p2 can be covered by a finite number of open sets satisfying 
this property and, then, r(pi) and r(p2) are connected by a polygonal of integral curves of 
vector fields of ker uop; that is, 7r^r(pi) = 7r^T(p2)- 

2. p is bijective: 

T maps the leaves of the foliation defined by ker fi^ into the leaves of the foliation defined by 
ker LOfi; therefore p is injective. To see that p is surjective is trivial. 

3. p is a diffeomorphism: 

TT^: J'~^{p) j7'~^(/i)/ker is a surjective submersion, then there are differentiable local 
sections s^: J'^"'^(p)/ker J~^{ij) (that is, such that tt^ o = Id); hence, locally, we 

have that p = tt^ o r o and then p is differentiable since so are vr^, r and s^. (The choice 
of the local sections s^ is called gauge fixing in the physical literature) . 

Now we must prove that p~^ is differentiable. Taking into account the theorem of the in- 
verse function, it is sufficient to prove that the tangent map T^^(p)p is an isomorphism 
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for every p G J'^^ip). Then, let u G T^^(^p-^{J~^{p) / 'kev fi^) such that T^^(p)p(ti) = 
and V G (Tp7r^)^^(n). By the commutativity of the diagram above we have that Tp(7r^ o 
t){v) = 0; hence TpT{v) G ker T,-(p)7r^ = ker (a;^),-^^) and therefore v G ker (r2^)p because 
(TpT)~^(ker = ker(ri^)p. But ker = ker Tpvr^, therefore u = Tp7r^(u) = 0, 

hence T^^(p)/9 is injective and, as a consequence, it is an isomorphism. 

4. p is a symplectomorphism: 

On the one hand = '/r*r2, but on the other hand 

= r (J^ = r -Kp^uj = ir^p lo 

hence 7r*fi = vr*/)*^ and, since vr^ is a submersion, we have that Vt = p*Cb. 

5. The proof for = t*H^ is Hke in the last item. 



3.4 Other reduction procedures: Coisotropic imbedding plus symplectic reduc- 
tion 

Let (M, r2,H) be a compatible presymplectic dynamical system and (M,ri,H) an ambient sym- 



plectic system associated to it (see section 3.1). If the presymplectic dynamical system exhibits 
non-gauge symmetries as well as gauge symmetries, under certain hypothesis, both can be removed 
applying the standard symplectic reduction procedure of Marsden-Weinstein to the symplectic dy- 
namical system (M,r2,H). On the other hand, we can apply the presymplectic reduction method 
here explained and then we will prove that both procedures also lead to the same final result. 

Let G be a group of symmetries of the presymplectic dynamical system, g its Lie algebra and 
g C Xh{M) the corresponding set of fundamental vector fields. First of all, using the coisotropic 
imbedding theorem, it can be proved |0] that, for every presymplectomorphism <^g:(M, i7) 
(M, ri), there exists a symplectomorphism ^g-. (M, fi) — > (M, Q,) such that it reduces to on M; 
that is, ^g o jo = Jo o ^g. Taking this into account, we will assume that: 

Assumption 4 The presymplectic action M x G ^ M can be extended to a symplectic action 
M X G ^ M which reduces to ^ on M x G, that is, ^g o (jo x Idc) = jo o $g (and it is also 
assumed to be Poissonian, free and proper). 

Then, denoting by gM C <^/i(M) the set of fundamental vector fields for this extended action, 
it is obvious that gM C X{M) and then, for every ^' G gMj there exists one ^ G g such that 
jo,'? = '?'U/i and conversely. 

Let J:M — > g* be a momentum map associated with the extended action Once again, the 
standard symplectic reduction program can be applied: 

• First constructing the level sets {3~'^{p), fi^, H^), for weakly regular values /x G g* of J. Each 
one is locally defined in (M,ri) by the constraints {f^} which are the Hamiltonian functions 
of the vector fields of gM- 

• Second taking the isotropy group G^ and its Lie algebra g^, for which we have g^ = ker f2^, 
and constructing the quotient 3^^{p)/G^. 
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After that, the corresponding reduced symplectic Hamiltonian system (J ^(^)/ker fi^,fJ,H) is 
free of symmetries. 

On the other hand, we can consider the momentum map JT: M — >■ g* which is compatible with 
J. This means that is induced by J on M; that is, J7 := J o jg. We can then apply the complete 
presymplectic reduction procedure constructing the level sets (i7~^(//), H^), for weakly regular 
values € g* of J', and the quotient J'^^{fi)/G^. So we have the (commutative) diagram 



standard 
symplectic < 
reduction 



(M,n,H) 

(J-i(^),fiM,H^) 
(J-i(/u)/ker n^,n,H) 



30 



Jo 



(M,0,H) 



vr,, 



complete 
> presymplectic 
reduction 



Then, if |U € g* is a weakly regular value for J and J, we wish to compare the sets (J ^(/u), fi^, H^) 
and (J~-'^(;u)/ker ri^,ri,H) with ( J'~^(;u), fi^, H^) and (j7'~"^(/i)/ker 0^,(7, H) respectively. So we 
have: 



Theorem 6 With the conditions stated in the assumption 

1- joiii'J ^^ilA) connected component of J^^{fi), or a union of connected components of it. 
Moreover, Jq^^^ = and jo^U^ = H^. 

2. jo(i7~"'^(//)/ker Q^) is a connected component of the quotient J^^(/i)/ker fl^, or a union of 
connected components of it. Moreover, Jofi = O and = H. 



( Proof) Let {^j} be a basis of g and f^- G C°°(M) Hamiltonian functions for the corresponding 
C'i £ gM- Let {a*} be the dual basis in g* and /i = /UjO* (with /ij G R) a weakly regular value for 
J and J. 

First, we are going to prove that, f the submanifold J~^{fi) ^ M is locally defined by the 
constraints Q '■= % ~ then the constraints jgCi define locally the submanifold ^ M. 

In fact; as J" := J o jg we have that J(x) = J{x), for every x G M, and, taking into account (|5|), 
this implies that jQ^^{x)a'^ = f^^{x)a'^ and thus jo% = /g^- Therefore: 

• If ker r2 (that is, it generates infinitesimal non-gauge symmetries), then the corresponding 

G X{M) is not in ker and hence 

As d/g. 7^ then Jq^- is not constant on M, but j'^jof^^ is; hence f^- are constraints for 
J~^{^) ^ M necessarily, but not for M ^ M. 

Conversely, every constraint function C G C°^(M) for J^^/x) M can be extended to a 
function of G C°°(M) such that its Hamiltonian vector field does not belong to ker O . 

• If G ker ^ (that is, it generates infinitesimal gauge symmetries), then the corresponding 

G X{M) is in ker Vt and hence 

= am = imm = foinim = iod% = dio*% 

So fg. is constant on M and therefore it is a constraint for i7~^(/i) M, as well as for 
M ^M. 

Conversely, for every constraint function (j) for M ^ M, its Hamiltonian vector field neces- 
sarily belongs to ker_Q. 
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On the other hand, since jo is a coisotropic imbedding, we have that dim (ker Q) = dim M— dim M; 
and as dim (J~-'^(^)) (in M) is equal to dim M — dim g, we obtain that 

dim{J'^^{lJ,)) = dim M — (dim g — dim (ker $7)) = dim M — dim g = dim (J~"'^(/x)) 

Hence we conclude that Jo/x(.^^^(/^)) is a submanifold of J^^(^) and, as both have the same 
dimension, we can conclude that jofj,{J~^{p)) is open in J~^(/i). So, it is a connected component 
of J~^(/i), or a union of connected components of it (remember that both manifolds are closed, 
since they are defined by constraints). In addition, 

and, in the same way Jo/^H^ = H^. 

Finally, the results for the reduced phase spaces follow immediately from here. ■ 

A particular case of this reduction procedure (coisotropic imbedding plus symplectic reduction) 
is_when ker = C°^(M) ® gM- Then (J-i(/x), fi, H) = (M,0,H) and (J-i(;u)/ker n^,n,H) = 
(M, (D, H). In this case, this method is the generalized symplectic reduction studied in and 
(See also p5[ for a study on other features on this topic). 



The successive steps of the three reduction procedures here analyzed can be summarized in the 
following diagram 



(M,n,H) 

J/-t 



coisotropic 
imbedding 

30 



(J-i(/^ 



1 

(J-i(/u)/ker n^,n,H) 

standard 
symplectic 
reduction 



(M,0,H) 

3 pi 

1 

(:7-i(/")/ker 17^,17,H) 

complete 
presymplectic 
reduction 



gauge 
reduction 



(M,c^,H) 



3i 



(:7-^(A),u;^,H^) 

(v7"H/")/ker u;p,a),h) 

standard 
symplectic 
reduction 



(where the equalities mean that the imbeddings of the manifolds in the center column are (a union 
of) connected components of the corresponding manifolds in the left column). 



3.5 Reduction of non-compatible presymplectic dynamical systems with sym- 
metry 

The concept of group of symmetries can also be established for a non-compatible presymplectic 
dynamical system (P, u, Ti) with final compatible system (M, O, H) (where M is the final constraint 
submanifold). Thus, from the definition ^ we state: 

Definition 5 Let {P,uj,Ti.) be a nan- compatible presymplectic dynamical system with final compat- 
ible system (M, f],H), G a Lie group and x P — > P an action of G on P. G is said to be a 
symmetry group of this system iff 

1. ^> leaves M invariant; that is, it induces an action <I>: G x M — > M such that ^ o (Idc x 3m) = 
3M o ^- 
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2. The induced action $ is a presymplectic action on (M, 0) (which is assumed to be Poissonian, 
free and proper); that is, for every g G G, 

(Following a very usual terminology in physics, we will say that is a weakly presymplectic 
action on {P,uj, M)). 

3. For every g G G, 

fM{^;n-n) = %R-R = o 

Of course all the results discussed in the above sections hold for the compatible dynamical 
system (M, 17, H) and the action ^. In particular, let g be the Lie algebra of G and gM and gp the 
sets of fundamental vector fields on M and P (with respect to the actions ^ and ^) respectively. 
Then, for every ^ G g, there exist G gM and G gp, with jM,^^ = C'^U/, such that 

As the level sets of the momentum map associated to the action $ are submanifolds of M, 
J~^{Ijl) ^ M, we may ask how are they defined as submanifolds of P. We have the following 
diagram 

{P,u;) 

JM 

Taking into account the above discussion, we have that the constraint functions Ct^ G C°°(M) 
defining J~^{ijl) in M can be extended to P as functions G C°°(P) such that jl^Cf = Ct^ since, 
if {S^i} is a basis of g, we have 

dCf := = jlMin^o) = ilWCf = d{jl,C[) 

Hence the submanifolds ^ P are defined in P by these constraints together with the 

constraints r] defining M in P. 

As a particular case of special interest we have: 
Proposition 9 With the conditions of definition and assuming the following hypothesis: 

1. Assumption |^ holds for (M, il). 

2. There is a basis of constraint functions {tji} defining M in P made of presymplectic Hamil- 
tonian functions in (P, w). 

3. The presymplectic Hamiltonian vector fields X^^. G ^^[P) associated to these constraints are 
tangent to M. 

Then the momentum map J': M ^ g* can be extended to a map J: P — > g* such that J' = J o jj^j 
and J'^ii-i) = J"^(/ti). 



{P,u;) 
I Jm 
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( Proof ) First of all, from items 2 and 3 we have that X^, expand locally the set ker Q p^ , 
and, from item 1, we have also that X^- G g. Then, the map J:P —>■ g* is defined in the 
following way: for every ^ G g let f^^ G C°°(M) be the presymplectic Hamiltonian function of the 
fundamental vector field E X{M) and E C°°(P) its extension to P; then, for every p G P, 

{mm ■■= f[{p) 

Observe that if G ker O then is constant and therefore = is a constraint for M 

in P; whereas if ker Q then f^^ is a constraint for J^^{p) in M. Thus J = ^ o and 

J'~^{fi) = J~^{fi) (see the proof of theorem]^. ■ 

It is important to point out that, in general, J is not strictly speaking a momentum map, 
because the action ^ is not necessarily presymplectic for (P, cj). 

In any case, if the assumption ^ is assumed for (M, 17), the reduction program follows in the 
same way as in the case of compatible presymplectic dynamical systems. 



4 Examples 

4.1 Reduction of non-autonomous systems with symmetry in the presymplectic 
formulation 

Non-autonomous dynamical systems can be geometrically treated in several ways (see, for instance. 



yj, |18|], ||20[|, 1231, [^], 1^ for a review on these formulations). Reduction of time-dependent 
systems with symmetry can be achieved by using the extended or symplectic formulation, and 
then by using, then, the usual reduction theory for symplectic systems with symmetry (see, for 
instance, @ and H). Nevertheless, we will use reduction for presymplectic systems, (whose 
features we have just presented) because it has some advantages in relation to the symplectic case; 
for instance, singular time-dependent systems with symmetry can be treated in this formulation in 
a very natural way. 



Thus we need to use the presymplectic formulation of non-autonomous systems [|15| , |20|| . The 
main characteristics of this formulation are the following: the dynamics takes place in a differen- 
tiable manifold P x R, where (P, ujp) is either a symplectic manifold, if the non-autonomous system 
is regular, or a presymplectic one, if it is singular; and we have the natural projections 

t:PxR^P ; t:PxR^R (13) 

The dynamical information is entirely contained in a function h G C°°(P x R). Then, P x R is 
endowed with the following presymplectic structure 

Qh ■= T'*ujp + dhAdt 

which is exact if, and only if, so is top. So, we have the dynamics fully included in the geometry 
and, therefore, we can obtain the equations of motion stating that (P x R, 0) is a presymplectic 
Hamiltonian system; that is, in the presymplectic equations of motion i(X)0,h = dH, we take 
H = 0. Then the equations of motion are reduced to 

i{x)nh = , X e x{P X R) 



Since dH = 0, these equations are compatible in P x R and, consequently, there exists solution 
X G ker 0,h- On the other hand, if we want to yield the time-reparametrization t = s we must add 
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the equation i{X)dt = 1 ; (however, other possible reparametrizations having physical sense are 
also possible §,11]). 

We differentiate the following situations: 

• The Lagrangian formalism of non-autonomous systems: 

P is the tangent bundle TQ of the configuration space Q. Then, given a time-dependent 
Lagrangian function L G C°°(T<5 x H-), using the extensions to TQ x R of the natural 
geometric structures in the tangent bundle (the vertical endomorphism and the Liouville's 
vector field) , we can construct the exact form ujc G (TQ x R) > which plays the role of the 
form T*ujp, and the energy Lagrangian function E C°°{TQ) which plays the role of h in 
this formalism. Then 

Q,^ = Qj,=ujc + dEc A dt 



(see [^] and [21] for a discussion on the construction of these elements). 

If the system is regular, then the form loc is symplectic. If the system is singular then ujc is 
a presymplectic form. 

• The Hamiltonian formalism of non-autonomous systems: 

If the system is not singular, then (P, up) is a symplectic manifold, P being the cotangent 
bundle T*Q of the configuration space Q (if it is hiper-regular) or an open submanifold of it 
(if it is regular) and top = u> G f2^{T*Q) being its natural canonical form, which is an exact 
form. Then, h S C^{T*Q) is the time-dependent Hamiltonian function. 

If the system is singular, then (P,ujp) is a presymplectic manifold, j:P ^ T*Q being a 
submanifold of the cotangent bundle T*Q of the configuration space Q (really it is the image 
of TQ by the Legendre transformation) and top = j*uj. Then, h E C°°(T*Q) is called the 
canonical time-dependent Hamiltonian function. 

Concerning the study of symmetries, time-dependent dynamical systems display some particular 
characteristics which are interesting to point out. Thus, from the geometrical and the dynamical 
point of view, a natural way of defining the concept of symmetry is the following: 

Definition 6 Let G be a Lie group, {P x R, Q/j) a non- autonomous system and $: G x (P x R) — > 
P X R an action of G on P x H. G is said to be a group of standard symmetries of this system 
iff, for every g e G, 

1. preserves the forms t*lop and dt; that is, 

^*T*ujp = T*LOp ; ^>*dt = dt 

2. preserves the dynamical function h; that is, ^*h = h. 

The diffeomorphisms are called standard symmetries of the system. 



The first part of this definition is equivalent to that of cosymplectic action introduced in [33| and 



agrees also with the concept of standard canonical transformation for time-dependent Hamiltonian 



systems, which other authors have previously introduced see [g], [16| 



As immediate consequences of this definition we have that: 



A. ECHEVERRIA et ah Reduction of presymplectic manifolds with symmetry. 



23 



• If G is a group of standard symmetries of the non-autonomous system {P x R, r^/j) then, for 
every g G G, every standard symmetry preserves the form il.h; that is, ^gi^h = ^h- 

• G is a group of standard symmetries of the non-autonomous system (P x R, Qf^) if, and only 
if, the following three conditions hold for every ^ G g: 

(1) L(e)(T*cup) = , (2) Ui)dt = , (3) L(|)/i = 

• If G is a group of standard symmetries for the non- autonomous system (P x R, Qf^) then it 
is also a symmetry group for the presymplectic Hamiltonian system (P x R, 0/^,0) (in the 
sense of definition ^). 

At this point, reduction of non- autonomous dynamical systems with symmetry (both in the 
Lagrangian or in the Hamiltonian formalism) is merely a direct application of the considerations 
we made above in order to reduce presymplectic systems with symmetry. 



4.2 Autonomous dynamical systems 

As an example, we are going to analyze the time-independent dynamical systems as the particular 
case of non-autonomous regular systems which are invariant under time-translations. This study 
is identical for the Lagrangian and the Hamiltonian formalism and we will do it in general. 

Let {P X R, Qfi) be a non-autonomous regular dynamical system (then P is either T*Q or TQ 

and dimP = 2r). G is the group of translations in time. The action G x (P x R) ^ P x R is 

d 

effective, free and proper. The real Lie algebra g is spanned by the vector field f = — and hence 

ot 

d 

g* = {dt}. Thus, the set of fundamental vector fields g is generated by the vector field ^ = ^ ■ 

Suppose that the dynamical function h is time- independent, that is, 

a \ , dh 

It is evident that this action verifies the conditions of definition |^, and hence G is a symmetry 

' d ' 



group for this system. Then the action is presymplectic: L j 1^. = , and, in addition, it 

is strongly presymplectic since the fundamental vector field is Hamiltonian (it is in fact an exact 
presymplectic action) and 

In this way the momentum map is given by 

{J{x)) f := h{x) (for every x G P x R) 



and the level sets of this map, for every weakly regular value fi = nodt G g*, are 

J-^in) := {x G P X R I h{x) = Ho} 

d 

(they are defined by the constraints C, := h — fj.Q and hence — is tangent to all of them). They are 
the hypersurfaces of constant energy in P x R. 
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In each one, we have the presymplectic Hamiltonian system {J' ^(//),n^,0), where := 
j*r2/i = j*T*Qp. Notice that, even though dim is even, is presymplectic since ker = 

, where G X{J'~^{fj,)) is the solution of the dynamical equation = 0. So, in 

~ d 

this case, since G = G^, is generated by the vector field ^ = 'q^ have that C ker fi^. 

Therefore, applying the reduction theorems, we have the same situation as the first item in theorem 
1^, and hence this presymplectic system reduces to another one {J'~^{fj,)/G,Cl,0). This is a (2r — 1)- 
dimensional differentiable manifold (and then is a presymplectic form with rankil = 2r — 2) 
where the global coordinate t is avoided. The evolution equations are 

i{x)Ci = o , X e x{j~\fi)/G) 

Observe that the main advantage of this reduction procedure is that, in addition to eliminating the 
ignorable time-coordinate, it already gives the solution of dynamics directly on the corresponding 
hypersurface of constant energy. This is an advance in relation to the use of the symplectic reduction 
procedure of Marsden and Weinstein, applied for treating this same example but starting from the 
extended symplectic formalism of the non-autonomous systems. In this case, even though the 
reduced dynamical system is regular (and then symplectic), the symplectic reduction procedure 
removes time only (from the initial time-dependent system), but it does not give the dynamics on 
the constant-energy hypersurfaces which is obtained by projection, that is, after another step not 
included in the reduction procedure (see [^] ). 

Nevertheless, a further reduction could be made by the residual part of ker (that is those 
one generated by X^J or, what is equivalent, make the reduction of the presymplectic Hamilto- 
nian system {J'~^{fi),^}^,0) by ker fi^. In this way we would have the situation of the second 
item in theorem ^, and hence this presymplectic system reduces to (j7~^(^)/ker Q,^,Cl',0), where 
j7'~^(^)/ker is a (2r — 2)-dimensional differentiable manifold and Cl' is a symplectic form. As 
a consequence, there is no dynamics in this reduced system; that is, the orbit space is made of the 
dynamical trajectories of the initial time-independent dynamical system (for a fixed constant value 
of the energy) . 



4.3 A mechanical model of field theories: description 

The following example we study is based in a mechanical model of Geld theories (coupled to external 
fields) due to Capri and Kobayashi [11], [12|. See also |17| for a deeper analysis. 

The general form of the Lagrangian of the system is 
where: 

- (^a,b = 1, . . . ,n) are scalar (complex) fields. In this mechanical model they will be 
interpreted as independent "coordinates" of certain 2n-dimensional configuration space Q. 

- mab, Cab-, Cab-, "Tab are (time-independent) functional coefficients such that, in order C to be 
real, the matrices mab,fab are hermitian and c*^, = —Cba- In particular, if rank (mat) < n, the 
Lagrangian is singular and this is the case of greatest interest to us. 



Lagrangians of this kind enables us to describe some relativistic bosonic field theories (after a (3+1)- 
decomposition) , where the eventual coupling to external fields is tucked away in the coefficients Cab 
and rab- 
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In order to make the example more pedagogical, we will analyze the following simple case: 
a,b = 1, 2, 3 and 

/O \ 

mab = m2 Cab = Cab = 

\0 ms/ 

We can write the Lagrangian in its real form by the change 

ip = X + ly , ip = X + ly , = X + ly 

tp^ = + iv^ , t^P = + iv'^ , = + iv^ 

■0*1 = — iy^ , V*^ = — iy"^ , V*^ = — iy^ 

tp*^ = — iv^ , tp*^ = %]? — iv^ , tp*^ = — iv^ 

and hence 

£ = rn2{{u^f + (v^f ) +m3{{u^f + (v^f) + v^x^ -u^y"^ +v^x^ -u^y^ 
-{x'f - {y'f - {xr - (yr - {x'f - {y'f 

Here, the configuration space is taken to be Q = with local coordinates {i = 1,2,3) 

and TQ ~ R^^ with local coordinates (x*, y*; u*, v*), wliere n*,!!* denote the generalized velocities 
corresponding to respectively. Using the canonical structures of the tangent bundle TQ, the 
Lagrangian 2-form and the energy Lagrangian function are constructed: 

ioc = 2[m2(da:^ A du^ + d/ A df^) + m3{dx^ A du^ + dy^ A dv^) + dx^ A d/ + dx^ A dy^] 
Ec = m,{{u'f + {v'f) + m,{{u^f + {v'f) + {x'f + {y'f + (x^)^ + {y'f + {x'f + {y'f 

The system is singular since uc is presymplectic and 

^ — / ^ ^ ^ 

'^^ 1 dx^ ' dy^ ' dv} ' dv^ 

(T(5,a;£,E£) is a presymplectic dynamical system which is not compatible since 



So the constraints 



:= = , 772 := = 



define locally a submanifold Jm'M ^ TQ where the vector fields which are solutions of the 
dynamical equation 

{i{X)u;c - dEc)\M = (14) 

are the following 

dx^ dx"^ dx^ dy^ dy-^ dy^ du^ 777,2 du'^ 
-—{v' + x^)^ + G'^ + —i^' - y')^ + —{u'- y^)^ (15) 

where f^,g^,F^,G^ are arbitrary functions. Now we consider two options: 



1. If we look for solutions of the dynamics which are second order differential equations (SODE) 
then, in this case, we obtain such a solution taking the first two arbitrary functions to be 
= and = v^. Therefore the stability of this vector field on the constraints 7/1,7^2 
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originates two new constraints (which are called non-dynamical constraints following the 
terminology of ||4^ ) 

Xi:=u^ =0 , X2 := = 

which, joined to the above ones r]i,T]2, define locally the submanifold js'-S ^ TQ. Finally, 
the stability of the SODE vector field on the last constraints fixes the value of the remaining 
arbitrary functions to be = 0, = 0. So the final constraint submanifold is S (local 
coordinates are (x^, x^, y^, y'^, u^, u'^, w^, w^) and 

ns := fsUJc = 2[m2{dx^ A du^ + dy^ A dv^) + msidx^ A du^ + dy^ A dv^) 

+dx^ A dy^ + dx^ A dy^] 
Es := fsEc = m2{{ur + (v^) + m,{{u^f + {v^f) + {x^f + {y^f + {x^f + {y^f 

Observe that, in this example, {S, 0.$) is a symplectic manifold. The SODE vector field 
tangent to 5 being the (unique) solution of the dynamical equation 



{i{X)ujc-dEc)\s = Q 



is then 



x\s = V^ + ^^Vt+^ Vt + ^V^ +^)7r^ 

ax^ ax'^ oy^ oy^ m2 ow^ 

1/3 1/2 1/3 

K + ^ TT^ + — ^ - y TT^ + — K - r 

7713 (JV^ 7773 C'f'^ 

(See also [17] for a more detailed discussion on this analysis). 

2. If we look for solutions of the dynamics which are not SODE, then the stability of (|T5| ) on the 
constraints 771,7/2 fixes the value of the first two arbitrary functions to be = 0, 5^ = 0. So 
the final constraint submanifold is M (local coordinates are (x'^, x^, y^, y^, 7i^, 7i^, 7i^, 77^,77^,7;^) 
and the coordinate expressions of := Jm^c and Em := j\,i^c are the same as for ^1$ and 
E5 respectively. Hence {M^VLm) is a presymplectic manifold with 



ker n 



M 



( d d 



and the vector fields tangent to M being solutions of the dynamical equation (14) are 
ax^ ox"^ oy^ oy^ ou^ m2 ow^ 



4.4 A mechanical model of field theories: symmetries and reduction 

Next we are going to study the symmetries of the systems, splitting the two cases considered in the 
above section; that is, we will apply the reduction procedure to the compatible dynamical systems 
(5,f]5,Es) and {M,^m,^m). 

Both of them exhibit some non-gauge rigid symmetries which are rotations on Q whose in- 
finitesimal generators are the following vector fields in Q 



A. ECHEVERRIA et ah Reduction of presymplectic manifolds with symmetry. 



27 



and whose canonical liftings to TQ give the following fundamental vector fields 

ii = x^— -y"^— + u'^— -v^ — 
dy'^ dx^ dv"^ dv? 

~ ^ d ^ d ^ ^ d ^ d 

dy^ dx^ dv^ dv? 

In fact, these vector fields generate infinitesimal symmetries for these presymplectic systems because 
both of them are tangent to S and M and they satisfy that 

3*M HL)^c = 0=js L{ik)^c 

since L(Cfc)E£ = (/c = 1,2) and L{Ck)^c = 0, so both of them are presymplectic Hamiltonian 
vector fields in (5,^5, Eg) and (M, Om^Em)- 



1. Reduction of the system {S,Qsj^s)- 

Since (S, fi^-) is a symplectic manifold, there are no gauge symmetries and the only symmetries 
to be taken into account are the rigid ones which have just been introduced. Denoting by G 
the corresponding group and by g its Lie algebra, then g = (^^,^2)- The action considered is 
in fact strongly presymplectic, since it is an exact action in relation to the 1-form 

j*0j^ = (2m2U^ + y^)dx^ + {2m2v'^ - x^)dy^ + (2m3U^ - y^)dx^ + (2m3f ^ + x^)dy^ 

The presymplectic Hamiltonian functions of and in (5,^25) are 

/^, = 2m2(xV-yV)-(x2)2-(yY , f^^=2m,{x'v'-y\')-{x^f-{y'f 

So a momentum map can be defined for this action and, taking into account the discussion 
in the section |3.5| , for every weakly regular value /x = (/zi,/X2) € g*, its level sets Jg^{fi) are 
defined as submanifolds of TQ by the constraints 

ryi := = , ?72 := = , xi = ^ , X2 := = 
:= 2m2{x'^v^ - y^u^) - {x^f - {y^f = /ii 
7^2 := 2ms{x^v^ - y^u^) - (x^)^ - (y^)^ = fi2 

The submanifolds (j7^^(/i), ^Sf,) ^-re presymplectic and 6-dimensional. Next, the final step of 
the reduction procedure leads to the 4-dimensional quotient manifolds {J'g^{fi)/ker ^Is^^^s)- 

2. Reduction of the system (M, r2j\/, Em)- 

This compatible presymplectic system exhibits the above rigid symmetries as well as gauge 
symmetries, which are infinitesimally generated by the fundamental vector fields 

43 = , ?4 — 7^ — 

(which generate ker ^m)- Let G be the group of all these symmetries and g its Lie algebra, 
then g = (^1, '^2) '^3) '^4)- The action considered is in fact also strongly presymplectic, since it 
is an exact action in relation to the 1-form jj^.jOc- The presymplectic Hamiltonian functions 
of the fundamental vector fields in (S, Qs) are 



f^, := 2m2{x\^ - y\') - {x^ " iv'? , h. := 2m,{x\^ - y\') - {x'f - {y^f 
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where the constant value of /^g and /^^ equal to is just a possible choice for the constant 
Hamiltonian functions corresponding to the vector fields ^3 and .^4 respectively. So a momen- 
tum map JTa/ can be defined for this action and, taking into account the discussion in the 
section 3^, for weakly regular values fx = (/xi, /i2, 0, 0) G g*, its level sets J^/{fJ.) are defined 



as submanifolds of TQ by the constraints 

/^^ := 2m2{x'^v'^ - y^u^) - {x'^f - {y^f = m 
/g2 := 2m3(x^f^ - y^u^) - (x^)^ - (y^)^ = /i2 
7/1 := = , r/2 := y^ = 

(Observe that 771 := and rj2 '■= y^ are the presymplectic Hamiltonian functions of ^3 and 
^4 in {TQ,flc), respectively). Now, the submanifolds (J7j^^(^), ^Af^) are presymplectic and 
8-dimensional and the final quotient manifolds (^j^'^^(/i)/ker 17^/^, Aj\,f) are 4-dimensional. 

Nevertheless, this quotient manifold is locally symplectomorphic to (^^"^(^)/ker r2s^,r2s). 
In fact; instead of using the complete presymplectic reduction, we can apply to the system 
(M, Otv/jEm), first, gauge reduction and, afterwards, standard symplectic reduction, then 
obtaining a quotient manifold which is symplectomorphic to (J^/ (fi) / ker Qm^^^m) (see 
section 3^) and locally symplectomorphic to (j7^^(/i)/ker i^^^,^^) (obviously). 



Comment: 

In this example we have just shown that whether or not non-dynamical constraints (that is, 
those arising in the stabilization algorithm from demanding that the vector field solution of the 
Lagrange equations to be a SODE) are taken into account in the reduction procedure is irrelevant, 
since, in any case, we obtain the same quotient manifold. 

In reality this must be a general property. In fact: let {TQ,ujc,^c) be a singular (but almost- 
regular [^], Q]) Lagrangian system, {M,Qm) the final constraint submanifold when the SODE- 
condition is not considered and (S, ils) the final constraint submanifold when the SOD&condition 
is considered, such that we have a group of rigid symmetries both for (M, CIm,^m) and {S, fi^. Eg). 
Then, if the assumption |2| holds for (M,^Im) and (5, r^^), the complete presymplectic reduction 
procedure leads to the same reduced system for both systems. 

The reason for this feature lies in the following facts: As is proved in |44|, the non-dynamical 
constraints defining S" in M remove degrees of freedom in the leaves of the foliation generated by 
the vertical part of ker Qc which, on its turn, is included in ker Qjv/- As a consequence, it is also 
proved that ker fi^ C ker O,^. But, as assumption 2 holds, the final quotient in the complete 
presymplectic reduction is made by a foliation whose leaves contain those of ker Qjvf or ker 
respectively in each case. Therefore, when the reduction is made for (M, Oj^f), the degrees of 
freedom in the leaves of the foliation generated by the vertical part of ker Qc are removed in the 
final quotient. However, when the reduction is made for {S,ns): these degrees of freedom have 
been previously removed. 



4.5 The confer mal particle 

Finally, we consider the system of a massless relativistic particle with conformal symmetry. The 



original Lagrangian function was introduced by Marnelius |38| and, subsequently, Siegel used it 



for describing the behaviour of these kind of particles [48|. Recently, Gracia and Roca |26] have 
carefully studied the gauge transformations for this system. 
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The configuration space of this system is Q = R"^"*"^ x R and is locally coordinated by the set 
(g", A) (a = 0, 1, . . . , d + 1), where A is an unphysical parameter which is introduced in order to 
make the description of the system covariant, and it is responsible for the local scale invariance. 
At the Lagrangian level, the system is dynamically described by the Lagrangian function 

>C := ^SabKt'' - A<?V) G C°°(TQ) 

where g is an indefinite metric in R'^"'"'^ with signature sign (gab) = (1;— I;---)— l^l)- From here 
and using the canonical structures of the tangent bundle TQ, we construct the Lagrangian 2- form 
and the energy Lagrangian function: 

iOc=gabdq'' Adv' ; = + A^V) 

(v"" denote the generalized velocities corresponding to the coordinates q""). The system is singular 

since the generalized velocity u corresponding to the generalized coordinate A does not appear 

( d d ] 

explicitly in the Lagrangian function. Hence ujc is presymplectic and ker ujc = s ttt, -tt- r • So 

I OA ou) 

d 



(T(5,u;£,E£) is a presymplectic dynamical system which is not compatible since i (^^J 7^ 

. Using some of the known stabilization algorithms, we find that the final constraint submanifold 
jM'- M ^ TQ is defined by the constraints |2(:] 

Vi = ^gatq^q'' , m = gabv^q^ , % = gabV^v^ - Xgabq^'q^ 

In this case we can take a basis of constraints made of presymplectic Hamiltonian functions, for 
instance 

/a = \gabq''q^ , = gabV^^q^ , /^g = ^^gabV^v^ 

The vector fields which are solutions of the dynamical equation 

(f(X)w£-dE£)|M = 

are the following 

X\ — v°- ^ + Ag" ^ +/^ 

(where / is an arbitrary function). 

The compatible presymplectic system (M, 0,13) = {M, jl^ujc, jlf^c) exhibits point gauge sym- 
metries which are infinitesimally generated by the following fundamental vector fields 

Observe that Ci,^2i'?3 are the presymplectic Hamiltonian vector fields corresponding to /^j, /^j, /^g 
respectively and ^4,1^5 G ker 17. They are all tangent to M and, hence, they make a local basis of 
ker Jl^n . 

It is interesting to note that the system is also invariant under rigid 0{2,d) rotations. Never- 
theless, it can be shown that there exist 0(2,d) Lagrangian gauge transformations (see |2(:] and 
pi]) and hence, in this case, this group of symmetries is a closed subgroup of the gauge group Q. 



Taking all of this into account, the action of Q on {M, j^jUJc) is strongly presymplectic (it is in 
fact an exact action in relation to the Lagrangian 1-form j\^6c = j*M{gabv"'dq^)). Thus, a momen- 
tum map J can be defined for this action such that M = J~^{Q). Therefore, the presymplectic 
reduction procedure is simply the well-known gauge reduction for the compatible presymplectic 
system {M, jl^ujc, JlfEc). 



A. ECHEVERRIA et ah Reduction of presymplectic manifolds with symmetry. 



30 



5 Conclusions and outlook 

We have made a study about actions of Lie groups on presymplectic manifolds and the subsequent 
reduction procedure. The main results and considerations here discussed are the following: 

• We have made the natural extension of the concepts of the theory of symplectic actions of 
Lie groups on symplectic manifolds to this case. 

• The existence of comomentum and momentum maps are analyzed, obtaining an obstruc- 
tion similar to the symplectic case (but involving the set Bj^{M) / Zj^{M) instead of the first 
cohomology group H^{M)). 

• We have investigated the properties and characteristics of the level sets of the momentum 
map for weakly regular values, as a standpoint for reduction. As a particular result, the 
interpretation of these level sets as the maximal integral submanifolds of a Pfaff system 
allows us to simplify the proof of some results. We hope that this interpretation will be of 
interest with a view to extending the reduction procedure to field theories. 

• The reduction of presymplectic manifolds by presymplectic actions of Lie groups has been 
achieved for weakly regular values of the momentum map, following the guidelines of the 
symplectic reduction theory of Marsden-Weinstein. With the usual hypothesis, the reduced 
phase space is endowed with a structure of presymplectic manifold, in general. 

• The concept of symmetry for presymplectic dynamical systems is displayed. The reduction 
of compatible and non-compatible presymplectic dynamical systems with symmetry is made 
as an application of the theory just developed. These results hold both for presymplectic 
Lagrangian or Hamiltonian systems. 

When gauge symmetries are taken together with the non-gauge symmetries of the system, then 
the reduced phase space is endowed with a structure of symplectic manifold with dynamics 
of Hamiltonian type. 

• The procedure of complete presymplectic reduction allows us to reach the orbit space in a 
straightforward way, in comparison with other step-by-step reduction procedures, namely, 
coisotropic imbedding plus symplectic reduction and gauge reduction plus symplectic reduc- 
tion, which lead to the same final reduced phase space. The equivalence of all these methods 
is also proved. 

• As an example, we have considered non-autonomous dynamical systems. Starting from the 
presymplectic formulation of these systems (which allow us to include also the singular case in 
a natural way) , we have adapted the notion of symmetry, and then by applying the reduction 
procedure previously studied, results similar to those of other works that have analyzed this 
problem have been obtained. The main advantage of the formalism is that the treatment of 
the singular case is absolutely "on way" . 

• As a particular case, the reduction of time-dependent regular dynamical systems is considered 
in the framework of time-invariant non-autonomous systems. In this case, the reduced phase 
space is a contact manifold since the level sets of the momentum map are the energy constant 
hypersurfaces and reduction removes the time coordinate from the initial system. In this 
way, in our opinion, this is a better result than those obtained applying the symplectic 
reduction techniques to the extended phase space of the system, since reduction then leads 
to a symplectic system in the reduced phase space, but does not directly give the dynamics 
on the constant-energy hypersurfaces. 
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• Another interesting example is the complete reduction of a particular case of the Capri- 
Kobayashi mechanical model for field theories coupled to external fields, exhibiting both gauge 
and non-gauge symmetries, in the Lagrangian formalism. It is shown that, under suitable 
circumstances, the existence of Lagrangian constraints arising from the search for dynamical 
solutions which are second order differential equations is irrelevant in the reduction procedure. 

• Finally, we have also checked this method by applying it to a discussion of the gauge reduction 
of the conformal particle (in the Lagrangian formalism). 

A Linear reduction 

In this appendix we wish carry out a quick review of the reduction theory, giving at the same time 
a linear algebraic interpretation of this theory for the general case of linear forms of arbitrary order. 

Let -E be a linear vector space, with dimE = n, and a linear form a G A^E*, with k > 2. Let 
S he a subspace of E. Then take 

--{ueEl i{u) i{v)a = , \/veS} = N 

let j-.N'-^E be the natural inclusion and ajv := j*ct. 

U V G N n S, then i{u)i(v)a = 0, for every u € N, and therefore v G ker a^', that is, 
N n S C ker a^v C N. Then we have the projections 

^ N/N nS ^N/ ker a^v = {N/N n S)/{kei un/N n S) 

and there exist ai G A'^{N/N n S) and G A^{N/ ker ajv) such that ajv = Trjfai and ajv = vr^as, 
where tts = 7r2 o tti . 

Notice that ker = {0}, because the space S, projected by TTa, "has been removed". This is a 
"reduction" procedure in the sense that a subspace is removed from a vector space by a reduction 
of the dimension. Note that it is not useful to make the quotient E/S and then the projection 

E ^ E/S because the form a does not project onto the quotient unless S C ker a. Then, A'' = S'^'^ 
is a subspace of E which can be reduced in such a way that the form a goes down to the quotient. 

As a particular situation, we can study the case k = 2. Then we can prove that 

ker aN = ker a + N H S 

In fact; let {ei, . . . ,6^} be a basis of S. If v G kerajsr, then i{u)i{v)a = 0, for every u E. N, and 
C ker i{v)a. But A^ = nj=i^...^fc ker i{ej)a , then wc have that i{v)a is a linear combination of 
i{ei)a, . . . , i{ek)a and, therefore, v G (ker a + S) CiN. But, since ker a C N, the result follows. 

If in addition, a is a symplectic linear form; that is, ker a = {0}, then ker = N f] S and we 
have the unique projection 

N N/N n S 

and a unique form a G A'^{N/N fl S) with 7r*a = a, which is also a symplectic form. This is the 
result of the Marsden-Weinstein reduction procedure in the linear case. 
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